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N
What is reliability?

* Reliability is quality over time.

A formal definition of reliability is given as:
Reliability is the probability that a product will operate or a service will be
provided properly for a specified period of time (design life) under the design
operating conditions (such as temperature, load, volt...) without failure.

 Let T be a random variable that denotes the product operating time before
fallure. Then, the reliability of a product is defined as
R(t)=1—-F;(t) =P(T =2 t)
where Fr(t) Is the cumulative distribution function of T.
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Why reliability Is important?

 Customers expect purchased products to be reliable and safe.
* Predicting product warranty costs.

» Comparing components from two or more different manufacturers,
materials, and so on.

1-year warranty for free

2-year warranty for 100$

warranty policy

3-year warranty for 1903$

1-year warranty for free




N
How to assess reliability

* In most cases, this will involve the collection of reliability data from studies
such as laboratory tests (or designed experiments) of products, tests on early
prototype units, careful monitoring of early-production units in the field,
analysis of warranty data, and systematic longer-term tracking of products in
the field.
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Collection of reliability data

Experiments

Life tests Degradation tests

Accelerated life tests Accelerated degradation tests
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Life tests

1

Product failure time
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Accelerated life tests

product 1 4 30 hrs Frequency

stress 1 ‘ normal use condition ?

T

stress 2

stress k
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Degradation tests

LED

09}
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T=inf{t>0]Z(t)>w,}
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Wy

Quality
Characteristic

Degradation tests

/ Z(t)

Time

T=inf{t>0]Z(t)> w,}

time product 1 | product 2 product n
tq Z(tq) Z,(ty) Zn(tq)
) Z1(t;) Z,(ty) Zn(t7)
i3 Z(t3) Z,(t3) Zn(t3)
tm Zl (tm) ZZ (tm) Zn (tm)
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N
Degradation tests

 General path models
Z(t) =G(t) + ¢

where G (t) Is a deterministic trend and €, Is independently distributed.

» Stochastic processes (Lévy process)
Z(t) has the following properties:

« Z(t) has continuous path and Z(0) = 0.

 Z(t) has independent increment.
That is, Z(t;) — Z(t;_4) is independent with Z(¢;) — Z(¢tj_1) for ¢; < t;_;.
o Z(t) — Z(s) isequal in distributionto Z,_ for any s < t.
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Accelerated degradation tests (ADT)

 Use the degradation data under higher stress levels to extrapolate the product’s lifetime
distribution under normal use condition.

Degradation Path

f

f
/
/Z(tISH)
/

/ ]A y Z(tlsm) -
fof B Z(tls)

degradation increment
5
T




N
How to predict product lifetime based on

ADTs data?
« 7(t|S,): Degradation path under normal use condition
» Normal use condition: S, “ Z(t]S,)
» Threshold: @, oy
e T = inf{t | 7 (t | So) > a)o} Characteristic
. F () =P(T <t) =
Time T

* The q quantile of product lifetime: & =F(q)
Mean time to failure (MTTF) : E(T)
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Exponential dispersion degradation model

e Z(t)~ED(ut, 1)
AZ; =Z(t;)—Z(t,_) has the probability density function:

_ Az () -Mtyxa (u)]}
f(AzZ; | i, 1) =c(Az; | 4,At;)e

* E(Z(t)) = ut, Var(Z(t)) =V (u)t/ A
* V(u)=u",de(—0,0]U[1x)

d d=0 d=1 1<d<? d=2 d=3
distribution Wiener Poisson Compound Gamma Inverse
Poisson Gaussian
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Collection of reliability data

Experiments

Life tests

Degradation tests

Accelerated life tests Accelerated degradation tests

Optimaf designs
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Analysis procedure for laboratory data

Planning a design

Collect data

Statistical Inferences

Reliability of products
e.g. &
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Analysis procedure for laboratory data

Find an optimal design Planning a design

such that we can obtain &,
with minimum variance

Collect data

Statistical Inferences

prior knowledge

Reliability of products
e.g. &
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N
Optimal criteria

 D-optimality: minimize the determinant of the covariance matrix of
parameters.

 A-optimality: minimize the trace of the covariance matrix of parameters.

 E-optimality: minimize the maximum eigenvalue of the covariance matrix of
parameters.

* VV-optimality: minimize the variance of fq.
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Layout of a k-level ADT

Total sample size: N
Number of stress levels: k
/\

Proportion of sample size allocation Py 2 ees Py
Stress levels - <

S, S, S, (x, X )
(Standardized stress levels) (x,) (X,) (X, ) n - n

A 4 y ml mk
Number of measurements m m **° m

1 2 k . f, f, )

\ 4 \ 4 n| — N X pl

Measurements frequency f1 f2 * fk




N
Goal of designing an ADT plan

* The goal of this study Is to find an optimal design which minimizes the
asymptotic variance of &, (MLE). That s,

¢ =argmin AVar(¢, | £).
¢

* | will use the exponential dispersion accelerated degradation model to
Illustrate the procedure.

19/89



= Optimal design for EDADTSs of a single
accelerating variable

* Problem formulation

* The expression of Avar (¢,)

« Conjecture V-optimal design

« Optimal allocation rule based on cost constraint
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Problem formulation

Total sample size: N
Number of stress levels: k
/\

Proportion of sample size allocation Py 2 ees Py
Stress levels - < ( v X

S, S, Sy % K
(Standardized stress levels) (x,) (X,) (X, ) = e Ny

v y \ml mk /
Number of measurements m, m, **° m,
Measurements frequency f f * f
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Problem formulation

e Let Z,(t;|x) (1=1,...,n, J=1..m;, 1=1,... k) denote the degradation of ith
testunitat time t; = jx f x At under Ith stress-level x;.

« Z, (tj||X|) ~ ED(u(x)t;, 4), In(u(x)) =a+bx,b>0, x €[x,1]
AZy = Z;(t, %) — Z;(t;_, %) has the probability density function:

i

f(Aziji|p(z1), A) = e(Azii|A, Atjp)eM@BE)Az—Atgxlm(u(z)]}
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Maximum likelthood estimation

* The likelithood function

L(a, b, ) =1 1[

* The log- Ilkellhood functlon

I(a,b,2) = C + Z Z Z A (1(x) Bz — Az (@(ux) ) imye

=1 i=1 j=
 Maximum Ilkellhood estlmqtlgn
(d, b, /1) = argmax [(a, b, 7).
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Properties of MLE
* Fisher information matri>a<2l(9) AAte=2@=21(g|0) oT
) - _ k
=1

1 x
where 1(6]¢) = X=, nymA(x;) (x xé>’ A(x) = e~bld=2x,
1 X

« Asymptotic covariance matrix

Cov(d) = (I"01D) .
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N
Properties of MLE

* Invariant property )
If g(0) is a function of 4, then the MLE of g(8) is g(6).

* 5-method )
The asymptotic variance of g(0) Is

AVar g(é)) = Vg(6)Cov(0)Vg(6)",

2g(0) (6) ag(o)
where Vg () = ( %a , gab , %/1 )

25/89



The expression of Avar (&)

« Asymptotic variance

AVar(giq‘() ]

B hiqea(d—Z) Zle A(xl)xlzmlnl Zﬂzh%,th_
Fr(€) At | A ZE < ACe, +2,) Gty — 2)Pmymymyny, T mymy |
0FT($ql0) 0FT($ql0)
where hy g = ——"— hy g = ———

* m; and n; are nonidentifiability, because of the assumptions of independent
and stationary increment.
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R
The expression of Avar (&)

* We use a two-step approach to obtain the optimal design
1. We first derive an optimal approximate design.
2. We involve a cost constraint to calculate n; and m;.

e et NO — Z{{=1 mn, and Pio = el

AVar
(gql‘() h2 ea(d_z) Zk A(X )xz
1, =1 1)X1 Plo

() Noat | A iy ACxu + %) (ty — %) 2DuoPro
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N
Optimal approximate design

» Prefix N,, minimizing Avar (&) is equivalent to minimize

G(7) = . Zé{=1 A(xl)xlzplo

u<vA(xv + xu)(xv o xu)zpuopvo ,

_ ('xl coe xk )
¢ = Pio *°° Pko
* V-optimal approximate design
(= argming G (¢)
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Introduction of general equivalence theorem

_ (p, ifx=x
é/:(pl pj p1+p2—1<:>§(x) 4pz’ ifX=X2,p1+p2=l
T 0, ow.

P
¢ ({): objective function (qb({}\ \
R —/

* is ¢p-optimal iff the directional
derlvatlve of ¢ at {* is zero.
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Introduction of general equivalence theorem

:—(“
p

X
P2

j’ p1+p2=1<:>§(x):4

(p, ifx=x
Py IFX=X%,, p+p,=1

0, o.w.

Let £ be the probability measure containing in the set of all probability measure, P,
on the design region D. Let ¢ be the function in P and 7,, n, € P. Then, the derivative

twoard 77, at a given point 7, is defined by

AQp,17,) =Im

A((d—¢)m, +

en,) —o(n,)

E
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Introduction of general equivalence theorem

{* is the optimal design iff supA({*,n) =0
nerP

e Let{, (2) = {é it j. V=Vx be a probability measure with probability 1 at x.

Then, {¢,|x € [x;, 1]} is a basis of P. That is, foranyn € P, n = [ {, n(dx).
p, ifz=x
p, ifz=x,
n = (xln(xl) + szn(xz) = (xlpl + (xzpz-
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Introduction of general equivalence theorem

{* is the optimal design iff supA({*,n) =0
nerP

* If A((' 77) — A((, (xlpl + (x2p2) — A((' (xl)pl + A((! sz)pb then WE Say
A(,n) is linear in n.

 If A({,n) is linear in n, then
supA({*,n) = 0iff sup A({*, ) = 0.

NeP xX€[xp,1]
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Introduction of general equivalence theorem

Under some regular conditions, Whittle (1973), Chaloner & Larntz (1989) stated
that if ¢ Is a concave function, then
{* is the optimal design iff sup A({*,x) =0,

xX€[xy,1]

where A({*, x) = A({%, )
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Conjecture V-optimal design

max(x;, 1
1.d<2,(A=< (ALpl) A) ® »
P10 P20
xL 1
2 d=2 7%= ( ) O
¢ pio P20 ®
x; min(1,p;)
3 d>2,7%= ( ) O
P P2 ¢

x5 A(x8/2)

2 A _ 1 _ A
BaGA /D +akacd/zy P20 = 1~ Pio

ba-2y P2 =%

2

where p; =1+ [1+ W(e™ )] YR

and pf, =

LH[1+WwW(e™)]
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Conjecture V-optimal design

Theorem
sup, A(£*,x) =0, and hence £* is the global V-optimal design.

Tung, H. P, Lee, I. C., & Tseng, S. T. (2022). Analytical approach for designing accelerated degradation tests
under an exponential dispersion model. Journal of Statistical Planning and Inference, 218, 73-84.
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N
Optimal allocation rule based on cost

constraint
« Asymptotic variance
AVvar(é,|7) . i
(1q‘ ) hZ e @D ¥ A(x)xfmm 2A%h3 At
fT(fq)zAt _/1 Zﬁqy AQxy + x,) (X, — x3)*myn,myn,, ?=1mlnl_ ’
dFT($q|0) IFT($ql0)
where hy g = ——"— hy g = ———

* m; and n; are nonidentifiability, because of the assumptions of independent
and stationary increment.
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N
Optimal allocation rule based on cost
constraint

* Cost Constraint
C(my, ma, Ny, Na) = CepAt(my + ma) + cit(ng + no)
*  Minimize C(m;,m,,n;,n,)
subjected to mn, = p;'N, and m,n, = p,;'N,

Theorem

R S v by KT . 7 A N . A N
l — ‘ . 2 — . 1 R— - 2 — .
(‘(,)pAf ('u])Af Cit Cit




Optimal allocation rule based on cost
constraint

(mi,m3,nj,ny) = argmin  AVar(¢,[()
(mq.,mo,nq,n9)€L

Q = {(my,ma,ny,n2) € N*| |my — |[m|| < v, |y — [n2]|| < v forl = 1,2}




Optimal allocation rule based on cost
constraint

(mi,m3,nj,ny) = argmin  AVar(¢,[()
(mq.,mo,nq,n9)€L

Q = {(my,ma,ny,n2) € N*| |my — |[m|| < v, |y — [n2]|| < v forl = 1,2}




An illustrative example

* Stress relaxation data (YYang, 2007) 0 —— 0
e Stress levels: 65°C, 85°C, 100°C S

* Normal use condition: 40°C
e (d,a,b,A) = (1.4,1.95,1.83,2.20)
- Standardized design region [0.46,1] Qualiy

1,
Characteristic | 7/,

15+

1 i 1 i i
0 500 1000 1500 2000 2500 3000
Original time scale (s)
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N
An illustrative example

 Based on the VV-optimal design Theorem, we have

o X'’ X, | (046 1
pd pd) (0745 0.255

directional derivative
2
|

| | | | | |
0.5 0.6 0.7 0.8 0.9 1.0

siress
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An illustrative example

* Assuming Ny, = 1000, ¢y, = 1.9,¢; = 53,At = 4

S ox2) (046 1)
cA =/ n* nd|=|10.34 6.05
m: my; ) (72.09 42.16,




An illustrative example

pio poo | AVar | Ny | time (sec)
6 | 0.74 0.26 | 51.73 | 988 0.01
6 | 0.75 0.25 | 51.51 | 992 0.06

69 40 11 6 | 0.76 0.24 | 51.21 | 999 0.09
6
6

==
3
Pt
b
-
-t
-
d
-
-
—_
]
-t
el

|}
=]
iy
i
(]
e
o=

3

4 76 40 10 0.76 0.24 | 51.16 | 1000 0.50
5 76 40 10 0.76 0.24 | 51.16 | 1000 1.10
Gnd

w40 10 6 | 0.76 0.24 | 51.16 | 1000 224.11

search
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= Optimal design for EDADTSs of two
accelerating variables without interaction

* Problem formulation

« Degenerate design

» Non-degenerate design
* An illustrate example
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Problem formulation

Total sample size: N
Number of stress levels: k
/\

Proportion of sample size allocation P 2 e e Py

— ra ~
Stress levels

(8111512) (321’822) Ce e (Skl’Skz) (Xl’ yl) (Xk’ yk)
Standardized stress levels (X, ¥y) || (X5, Y,) (X, Y,) G = 0 0
) )

Number of measurements m m c e m
Measurements frequency f f **e f
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e
Problem formulation

« Let Z,(t;]x) (1=1,...,n;, J=1,..m, I=1,...k) denote the degradation of ith
test unitat time t; = jx At under Ith stress-level (x,, y, ).

o Z,(t;Ix) ~ ED(u(X, y)t;, A), In(u(X, y,)) = o + X + Yy, 0, 2,>0, (X, ;) € D,
AZy, = Z;(t;]%) — Z;(t ;%) has the probability density function:

F(Azy | (X, y,),4) =c(Az | 4, At)e 7t i) Az =atie ()l
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Problem formulation

D, can be

o o o

o _| K o _| o _

o (@] o

© | © ©

o (@] (@]

> > >

AU N N

o (@] (@]

N N N

o (@] (@]

o | o o

© | | | | | © 9 | | | | | © 5 | | | | |

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 0.2 04 06 08 1.0

X X X
(a) (b) (c)
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Escobar and Meeker (1995)

Parameters : 0=(c,, 4, ¢, @,)

1 6 9
O

(X111y11) (Xlrl’ylrl) (X211y21) (X2r2'y2r2)
Pu1 o plrl Pay o P, 2

® o
0,0 .
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Escobar and Meeker (1995)

Parameters : 0=(c,, 4, ¢, @,)

(X111y11) (Xlrl’ylrl) (X211y21) (X2r2'y2r2)
Pu1 o plrl Pay o P, 2

Contour of u(X,Yy)

(0,0)
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Escobar and Meeker (1995)

Parameters : 0=(c,, 4, ¢, @,)

(X111y11) (Xlrl’ylrl) (X211y21) (X2r2'y2r2)
Pu1 o plrl Pay o P, 2

(0,0)
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Escobar and Meeker (1995)

((Xl, X) (%, Xz)j
Py P2

(X111 yll) e (X1r1 , ylrl) (X21’ y21) cee
pll Tt plrl p21

Z Pr =D
r=1

O X, T QLY =0 X +,X

(XZr2 ! er2 )
p2r2

Parameters : 0'=(a,, 1,2, )

Parameters : 0=(c,, 4, ¢, @,)

(0,0)
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Irregular design region

| N

(0,0)
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N
Equivalence relation

* Binary relation: Given sets X and Y, a binary relation R over sets X and Y is a
subset of X X Y.

* If (x,y) € R, then we say x is related to y and is denoted by xRy or x~y.

 Equivalence relation: A binary relation ~ over sets X and X and satisfies the
following properties: for a, b, c € X,
e a~a (reflexivity)
* If a~b then b~a (symmetry)
* If a~b and b~c then a~c (transitivity)




N
Equivalence relation

 Equivalence class: [a] = {x € X | x~a}
e Quotient set: ¥/~ = {[x] | x € X}




Non-degenerate design — Degenerate design

D, D% [l..1]




Find degenerate designs

1 : T T T
® Let ~ bearelationon D, and forv,v,eD,,v,~Vv, ifa v,=a Vv, where a =(¢,,2,) .
~ IS an equivalence relation.

® The equivalence class of an element v, in D,, denoted by [v,] is the set {v e D,|v ~ v, }.

The quotient set of D, is denoted by D% ={[v]|veD,}.

® Letv _, v, €D, bethe points that minimize and maximize u(v), respectively.
Let ¢ be a map from D% to[l ,1], wherel =a'v_/a'v,,, and is defined by

o([V])=a'v/ aTVM .
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Degenerate design

e Let £ be the degenerate design on [l_,1] with stress levels u, <---<u, .

» To minimize AVar(&,|<°) is equivalent to minimize G (¢®).

= % -
— 7] Aipy 0 Z Aiprug
1 / 1=1 1 =1
v ~dy T i d d \—17 1d \T1—1 F® = NAdmAt 0 T 0
A(C7) = [LOJ[FTy — Fio(Fa)™ (Fiy) ] ; R
O > Ay 0 S Aipu?
= =1 _

Ff  FY
= NAmAt N B 1‘
(Fiy)T Fi
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Degenerate design — Non-degenerate design

. D% [l 1]

é/d — (ul u2 ]
4/0 _ (Vll V12 VZIJ pl p2
pll p12 p21
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N
Non-degenerate design

« Asymptotic variance

AVar(£,[¢%) =

1 aFT(‘fq‘Q) aFT(&t}'G) 00 (FO)—]. aFT(‘fq‘e) E?FT@@'@) 00 :

e TO minimize AVar(zfq|§°) IS equivalent to minimize G°(£°)

B ko ko i'J ko il T
S A 0 SAY pras S A pun
_ i=1 =1 r=1 =1 r=1
0 IRy 0 0
1 F” = A\v/\.'HAf kg r ko r , ko r
; A Pty 0 A Py, A PirT Y
w(ho) “ OH.D .o( .o)—l( .o)r]—l ;L:Z]’,;” A,:z.’;;” %’;”’
T Q _ LN — 1 ¢ Vv T . 0 ! 0 1 0 T .
) J_ J_ 1 _) 22 12 O SAY ey 0 SAY pereue Y AY vl
Li=1 r=1 =1 r=1 =1 r=1 J
Fe Fe,
L = NAmAt ! 2
(Fi)" Fs
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Degenerate and non-degenerate design

| 1 . 1
v . ~d f d \N—171d \T1—1 e, . N0 "o \—17 10 \T1—1
X (C ) —[l OHF Fr_).(Fzz) (F12) } T ((» ) — “ OH '12( 22) ( 12) ]
0 ()
[ : £ i _ i Aipi 0 3 A i PirLiy % A i Pl Yir _
> Aipi 0 > Ay =1 =1 =1 =1
=1 =1 1
( 33 0 0
F? = NAmAt 0 . 0 Fo — NAmAt [ S TR
T = T z_: Z: Pty 0 2. 4 Z_:lf’h-*; Z:I A Z:IM Cir Yl
Aipppug 0 Apu? W o kg m ko ;
_1:221 ; [_ A ey 0 A Y Py ALY Py
= LI=1 =1 =1 =1 =1 =1
F([ F(] [ O 0
= NmAt - 2 = NAmAt & Fl{| .




Theorem 1

. D% [l ,1]

®
\ o~ [v.] ¢ u u,
v,,] @ “ e ©
é/d* — (ul u2 ]
4/0 _ (Vll V12 VZIJ pl p2

pll p12 p21
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Theorem 1

D% [Ia 11]
D, ~
Vv
\ . —~ [Vl] P u u,
[V] . = ¢ o

TI 7 é/ d * _ ul u 2
é/o _ (Vll Vi V21j Z Py = pruay and Z Pir¥Yir = Prtiym P, P
— r—1 r=1

pll p12 p21 .To((;o) _ (;d((\d)
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Theorem 2

D, D% [l ,1]

Vi
) P [V1] ¢ U, u,
< p . e ©

" _(ul uzj
V., V., V, V : .
£ =( o A 22) For fixed v,,, £° has the largest determinant

Pu P P P2/ o e Fisher information matrix.




Theorem 3

. D% [l ,1]

[V.]
[
~ [Vl] P u u,
O ® ©
gd*:(ul UZ]
o[V, Vy, Vy oV _ . P, P
& =(pﬂ plz p21 pzzj ¢° has the largest determinant of the Fisher P
SO T information matrix among all VV-optimal design.
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An 1llustrative example

d =1.4 and (¢,,4,a,,2,)=(0.5,0.05,6,4)

* DY =4ve[0.2.1(x—05)%+ (y—0.5)2<0.25if 2 € [0.5,1] and y € [0.5, 1]}
e v =(0.2,0.2)

v,, =(0.92,0.78) can be obtained by the method of Lagrange multiplier

6 + 4y — A(x — 0.5)* + (y — 0.5)* — 0.25)

00 02 04 06 08 1.0

| I I | [ |
00 02 04 06 08 1.0

(c)
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An illustrative example

d=1.4and (¢,,4,2,,a,)=(0.5,0.05,6,4)

* DY =4ve[0.2.1(x—05)%+ (y—0.5)2<0.25if 2 € [0.5,1] and y € [0.5, 1]}
e v.=(0.2,0.2)

e v,, =(0.92,0.78) can be obtained by the method of Lagrange multiplier i ~y
6o + 4y — M (2 — 0.5)2 + (y — 0.5)2 — 0.25) .
e | =0.23and o/ =8.6 "z
. (051 1 S
é,d = o _
0.88 0.12 ST

00 02 04 06 08 1.0
X
(c)
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An 1llustrative example

d=1.4and (¢,,4,2,,a,)=(0.5,0.05,6,4)

* DY =4ve[0.2.1(x—05)%+ (y—0.5)2<0.25if 2 € [0.5,1] and y € [0.5, 1]}
e v.=(0.2,0.2)

e v,, =(0.92,0.78) can be obtained by the method of Lagrange multiplier - Y
= [}
6 + 4y — MN(z — 0.5)* + (y — 0.5)% — 0.25) o |
| =023and o/ =8.6 e
. (051 1 =
de — S _
0.88 0.12 © T T T T T 1

00 02 04 06 08 1.0
X
(c)
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An illustrative example

From Theorem 1, 2 and 3

(0.2,0.79) (0.59,0.2) (0.92,0.78)
0.29 0.59 0.12

00 02 04 06 08 1.0

00 02 04 06 08 1.0
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= Optimal design for EDADTSs of two
accelerating variables with interaction

* Problem formulation
» The expression of Avar (¢,)
* The Conjecture design under d =2

* The Conjecture design under d < 2

-

* The Conjecture design under d > 2

-

« LED example and numerical validation
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Problem formulation

Total sample size: N
Number of stress levels: k
/\

Proportion of sample size allocation P 2 e e Py

— ra ~
Stress levels

(8111512) (321’822) Ce e (Skl’Skz) (Xl’ yl) (Xk’ yk)
Standardized stress levels (X, ¥y) || (X5, Y,) (X, Y,) G = 0 0
) )

Number of measurements m m c e m
Measurements frequency f f **e f

70/89



e
Problem formulation

o LetZ(tx) (1=1..,n, J=1..m,I=1,...k) denote the degradation of ith

test unit at time t; = J x At under Ith stress-level (x;, Y, ).

* Zi(tx) ~ EDQu(X, y)t;, 4), In(u(X, ¥))) = e +anX + ey, +asxy,,
a,,0,,05>0, (%, y,) €[l 1]x[l,,1]
AZy = Z;(t;[x) — Z;(t_y %) has the probability density function:

F(Azy | u(X,y,),4) =c(Az | 4, At)e 7t i) Az =atide ()l
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R
The expression of Avar (&)

« Asymptotic variance

A\f’}u‘(éq 1¢) = (6 0) (
. ~ {1

- To minimize AVar(&,|¢) is equivalent to minimize y(¢).

T

1 1 A1 — e—(d—2)(ao+alx|+a2y| +azX Y )
() =cI() e T@=SAp * | %
| | 1=1 Y Y, C = (lOOO)T
XY JA\AY,
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The expression of Avar (&)

Theorem
| =1 92 =12 1 -1 92
(¢ | ko 4) — 1 (4—11 sf N A s_g N AL 53 N A si)
| (—s1+s2—s3+54) \ p1 P2 P3 P4
where

Xy Iy T
so=det |y, oy, owe |2 b <l <l3e{l,2,3.4}\{l}.

_4-“':."31 Y TRl T y:’-g_

PR (., y) = ‘ il =1,---.4).
VAT 51|+ VAT so| + VAT s3] + VAL |“4|
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N
The Conjecture design under d = 2

 Step 1 : Guess optimal design: 1 I

7 4
4

Accelerating
variable 2

Accelerating
variable 1

 Step 2 : Use General Equivalence Theorem to verify
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N
The Conjecture design under d = 2

 The conjecture design Is

(

A (L, 1y) (15, 1) (1,1,) (1.1) \

1 Ly Ly Lo ly
\ T @H)  To(H,)  (Ha)(+y) (1)1, )
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The Conjecture design undeIr d=2

7 4
4

 Step 2: Set gp=-¥Y

Lemma 1. ¢ is a concave function. L ol A
y
Lemma 2. T T
A A1+ 121+ 1) er(x, y)ea(x, y) L, 1
1‘\((_ .(_(I__y)) = — : A 2 :
(1= 1)1 —1y)
where
ci(z,y) = (v = L)1 —y)+(y =)l —2),
and

el y) =1 —a)(1—y) + (x =)y — 1)
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N
The Conjecture design under d = 2

Theorem

(

A (L, 1y) (14, 1) (1,1,) 1.1) \

1 Ly [, lxly
\ T @H,)  TH)H,) () (=) () )

&* is V-optimal design.
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An illustrative example

 LED data (Tseng and Peng, 2007)
* Temperature: 45°C, 85°C
 \oltage: 10V, 30V

* Normal use condition: (20°C,7.5V)
* I, =0.433,[, = 0.208

. ((0.433,0.208) (1,0.208) (0.4331) (L)
- 0.578 0.250 0.120  0.052
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An illustrative example

AL C)




The Conjecture design under d < 2

A (at.y0) (@31 (Lyg) (L1 I
O \pPEP) pRER ) L) L : * ¥
Accelerating
R | | o 9 variable 2 3
75 = max(l, 14 (1 W) gy ), Lo %
y
2
= l,. 1 W - . . °
31‘3 1111\( Y +[ + ( ” (({_ ))(O)—}—Og)) lx 1
Accelerating
variable 1
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N
The Conjecture design under d > 2

a_ [ Uedy) () (egl) (07 ur) . I
pf(l.r. L) p;%(lf zjf) p?(z? ly) pf(zf z/f) Accelerating 3 w
variable 2
A . - - 17/ . —1 2 o 0
yy =min(1. [, + [1 + W(e )] (= 2)(as F ol )) L, T %
.f) L
A " - 7/ —1 <
e = max(1.l, + |1+ W(e [ 1
Uy m 1\( -+ [ + (f )} (({ _ 2)((}_1 4+ (1"3[-‘9;) ) X N | i
ccelerating

variable 1
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Numerical validation

Case 1: d=0,a;,=1,2.3, as =1.2.3 and ay = 2;
Case 2: d=0. a1 =1, as =1 and a3 = 1, 2. 3;
Case 3: d =32, a1 = 2.3. 4. oo = 2,3.4 and a3 = 2;

Case4d: d =32 oy =4, ao =3 and a3 = 1,2.3;
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Case 1:

g =3
g = 2
g =1
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Numerical validation
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Numerical validation
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g = 4 )
Case 3:

g =3 )

g = 2 ”




Numerical validation
Case 4:
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o
Numerical validation

* Hong and Ye (2017) mentioned the necessity of acceleration.

* Coefficient of variation of EDADT

H(X Yt
Ju(x, y)'t/ 2

1—d/2t1/2/1—1/2

= (X, )
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o
Conclusion

* We provide a comprehensive study to the VV-optimal ADT design problem
when the underlying model follows an ED degradation model.

* We analytically prove the optimal design for EDADT with single accelerating
variable.

* We analytically prove the optimal design for EDADT of two accelerating
variables without interaction. Furthermore, the design region can be irregular.

« We analytically prove the optimal design for EDADT of two accelerating
variables with interaction when d = 2. For d # 2, we proposed the conjecture
designs and verify that the conjecture designs turn out to be the V -optimal
design by the GET numerically.
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Thank you for listening




